Solutions to Sheet &

Exercise 1

Let A be a ring and a C A an ideal. Show that A/a is finitely presented if and only if a is a
finitely generated ideal.

Solution. Remember that an A-algebra B is of finite presentation iff there is an isomorphism
AXq, .., Xal/(f1,-. ., fr) &2 B with f; € A[X,...,X,]. If a is finitely generated, clearly A/a
is of finite presentation. Now suppose that A/a = A[Xy,..., X,]/(f1,...,fr). We have the
following diagram with the horizontals being short exact sequences:

0 —— (f1,..., fr) — A[Xy,..., X, ] — A[Xy,.... X))/ (fi,. .o fr) —— O
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Here, the map [ exists because every map is also a morphism of A-algebras, and in particular
send 1 to 1. Now a(f;) is defined by the image of f; in A, which lies in a as «a(f;) = 0 after
projection to A/a (by commutativity of the diagram). We need to show that « is surjective.
There are many ways to see this, for example we can use functoriality of kernels and the fact
that g splits, or we can use the snake lemma, or simply do a diagram chase.

Exercise 2

Let k be a field. Show that the ring extensions k[X +Y] — k[X,Y]/(XY) and k[X%—1] — k[X]
are integral.

Solution.

1. Let f(T) =T?-T(X+Y). Then f(X) = X? - X(X+Y) = —-XY =0in k[X,Y]/(XY).
2. Let f(T)=T?—-1—(X%2—1). Then f(X)=0.

In both cases, the extension is generated by elements for which we found monic polynomials that
have those elements as roots, hence they are generated by algebraic elements, hence algebraic.

Exercise 3

Let ¢ : A — B be a finite morphism of rings, i.e., A — B is a ring homomorphism which makes
B a finite A-module. Show that the map Spec(B) — Spec(A) has finite fibers.

Solution. First, we find out what the fiber above a prime p € Spec(A4) is. Writing down
definitions, we find that it’s given by it is given by

{q € Spec(B) | ¢~ ' (q) = p} = {q € Spec(B) | ¢(p) C q C @(p') ¥p' D p}

By the homomorphism theorems, this is given by Spec(B ®4 x(p)). But as B is a finite A-
module, there is a surjection (of A-modules) A" — B, which turns into a surjection (of x(p)-
vector spaces) k(p)" — B ®4 k(p). Hence B ®a k(p) =: By is a finite x(p)-algebra (in the
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sense that it is finitely generated as an A-module). We now use ideas from Sheet 1, exercise
4. First, note that every prime in By, is maximal, because every finite integral extension of
a field is a field. Now given any set {my,...,my} of prime (hence maximal) ideals we have an
isomorphism

Bn(p)/(ml N---Nmy) = Bﬁ(p)/ml X e X Bﬁ(p)/mN.

The object on the left has x(p)-dimension < dim, ) B,(), and the object on the right has
k(p)-dimension > N. In particular, there aren’t more that dimyp) By(p) prime ideals in B y).

Exercise 4

Prove the 5-lemma.

Solution. I don’t want to prove the 5-lemma. I feel like the proof is a bit involved and you
don’t get much insight from proving something so elementary. However, I also don’t want to
discourage you from reading up the proof if you feel like it! There are many proofs of this
statement in various levels of complicatedness and generality. If you are just interested in how
to prove the 5-lemma for modules over rings (as in the exercise), you can simply do a diagram
chase. This has been done (for example) on Wikipediaﬂ There is a proof making extensive
use of the snake lemmaﬂ and this even generalizes to arbitrary abelian categories. The most
elegant proof I know of uses spectral sequences. It is stated as exercise 1.7.C in Ravi Vakil’s
bookE| ((I love this book))
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