Solutions to Sheet 12

Exercise 1

Let I be an ideal of a number field K. Show that htere is a finite field extension L of K such
that 1Oy, is a principal ideal of Oy.

Solution. By finiteness of C1(K) there is some integer m such that [I|" = [I"™] = [(1)] € CI(K),
ie,, I = («) is a principal ideal. We put L = K(al/m). Now a/™ e Op, and we have

(IOL)™ = IO, = aOp, = (/™)™

After decomposing 10y, and «'/™O;, into prime factors, we see that this equation implies
10 L = Oél/ mO L-

Exercise 2

Let K = Q(v/2,/3) and set
T'={(1+v2) 2+ V3)I(V2+V3)"|i,jkeZ}
Show that I is a subgroup of O and that [0 : T'] < co.

Solution. Write u, v, w for the respective factors, so that I' = uZvZw?. Note that NK/@(u) =
Ng/g(v) = 1 and Nk /g(w) = —1, so that indeed, u,v, w are units and I is a subgroup of Ox.
One quickly verifies that K is totally real. Indeed, it is Galois and there is a embedding K — R
(now all other embeddings are obtained by shifting with elements in the Galois group). Hence,
by Dirichlet’s unit theorem,

OFf = u(K) x 21 = +1 x 73,

On the other hand, T is free of rank 3. Indeed, u € Q(v/2)*, v € Q(v/3)* and w € Q(v/2,/3)*\
(Q(v2)* UQ(Vv/3)*) U {1}. These multiplicative subsets of Q(v/2,v/3) only have trivial inter-

section.

Let Ok oo = Z be the (free) group of positive units (here we implicitly fix a inclusion K < R).
Now I' is a free subgroup of full rank this group, and in particular, its has finite index. The
inclusion O .y < Of also has finite index, hence I' < Oj; has finite index.

Exercise 3

Let K be a totally real number field, i.e., one that has only real embeddings. Let
T C Hom(K,R) = {7 : K — R | 7 is a field homomorphism}

be a proper non-mepty subset. Show that there exists u € O such that 0 < 7(u) < 1for7 € T
and 7(u) > 1 for 7 € Hom(K,R) \ T.

Solution. Let 01,...,0, : K — R be the real embeddings of K (in our case r = n = [K : Q]).
From the proof of Dirichlet’s unit theorem, we know that the map

L:05 =R, uw (logloi(u)],...,loglor(u)|)



is a group homomorphism from O to R"~!. It’s image lies in the sub vector space V given by

V= {(xl,...,xr)tERr|in:O},
i=1

and its kernel is given by p(K), the group of roots of unity in K (in our case this is = {£1}).
Also, the image £(Oj) has full rank in V, ie., L(Of) ®z R =V (it is a lattice in V).

Without loss of generality we can assume that T' = {o1,...,04} forsome 1 < g <r. Let Q C R"
be the quadrant given by

Q={(x1,...,2,) €R" |z; <0fori=1,...,gand x; >0 fori=q+1,...,7}.

The intersection @ NV is non-empty by construction, and one readily verifies that there is a
point z € @ N L(OF). Now choose some preimage u € O of x. As u satisfies |o;(u)| < 1 for
1 <i<gqand |o;(u)] > 1 for ¢ <i <r, the element u? satisfies all constraints.

Exercise 4

Let K be a number field, let I be a non-zero ideal of Ok and let C' € CI(K). Use theorem 5.3
to show that there exists a non-zero ideal J of Ok such that I + J = O and C = [J].

Solution. Theorem 5.3 counts the number of objects in an ideal class up to some given norm
t. For C € CI(K), let i(K,C,t) be the set of ideal in the given ideal class C' with norm < ¢
(just as in the statement). Then theorem 5.3 reads

i(K,C,t) = kt + Ot ™Y9) = kt + o(t).

Here we used big-O-notation, the equation above means essentially is that i(K, C,t) is of size
kt up to an error that is bounded by some multiple of t1=1/%. Let’s solve the exercise. We will
show that the set of ideals

(JCOg|JeC&T+1=0k&N(J) <t}

is non-epty for t sufficiently large. Note that two ideals are coprime if and only if they don’t
share a prime factor.

If we assume that I = p is prime, we use that
#{J|NWJ) <tANJ+I1=0gN[J]=C}

=#H{JINW) <tAJ]=C=#{J N(J) <t Ap [ JA[J] = C}
=#{J INJ<tA[J]=C} = #{J IN(J) <t/N(p) A[J] = Clp~ ']}

) ) _ t _
= i(K,C;t) —i(K, [p 1]C;t/N<p>>mt—nN(p) +O(t' 1Y)
(1ot 1-1/d
_ (1 N(p)>t+0(t )



If I =p§t---pSr, we use the same idea and inclusion-exclusion to find that
#{J|NWJ) <tANJ+I1=0gN[J]=C}

n ' B
:Z Z (_) {J’N()_HseSN(ps) [J]:alS]C}

k=0 SC{1,...n},|S|=k seS
=Y (-1)* > et [ N(ps) ™ + O /)

k=0 Sc{1,..,n}, |S|= k seS
= Kt ( ) + Ot/
L= g ) Foe:

If ¢ is sufficiently large, this is positive. This result has a nice interpretation, the factor [](1 —
ﬁ) is (in some sense) the probability of a random ideal to be coprime to I. So the result is

what we would expect.
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